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Abstract: We study real-time correlators in the warped AdS/CFT correspondence. We 
apply the prescription used in the usual AdS / CFT correspondence and obtain the retarded 
Green's functions for the scalar and vector fields in the spacelike warped and the null 
warped black hole backgrounds. We find that the retarded Green's functions and the 
cross sections are well consistent with the predictions from dual CFT. Our results not only 
support strongly the conjectured warped AdS/CFT correspondence, but also show that 
the usual relativistic AdS/CFT prescription of obtaining the real-time correlators remain 
effective in more general backgrounds with anisotropic conformal infinity. 
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1. Introduction 

During the past few years, the AdS/CFT correspondence (l| has been widely applied to 
study the physics in various many-body strong coupling systems, ranging from quark-gluon- 
plasma in RHIC, superfluid, ultra-cold atoms to superconductor. From the computations 
in the gravity side, one may obtain qualitative or even half-quantitative information on 
some strong coupling issues in these systems, which otherwise is difficult, if not completely 
impossible to get with the traditional methods. In particular, the AdS/CFT correspon- 
dence has the advantage to deal with real-time process, such as the transport behaviors 
of the systems. This usually requires the calculation of real-time correlators of composite 
operators of boundary quantum field theory from dual gravity. 

Compared to its Euclidean counterpart, the calculation of real-time correlators is much 
subtler. For the zero-temperature quantum field theory, real-time correlators could be 
obtained via analytically continuation of Euclidean Green's functions Q. For the finite 
temperature case, the dual geometry involves the black holes |J, which requires choosing 
appropriate boundary condition at the horizons of the black holes. This is the first sub- 
tle point. Different Green's functions correspond to different boundary conditions at the 
horizon. It is now agreed that the retarded Green's function corresponds to the ingoing 
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boundary condition, while the advanced Green's function corresponds to the outgoing one. 
However, even after fixing the boundary condition, one cannot obtain the Green's function 
by naively using the prescription in Euclidean version of AdS/CFT correspondence. In Q, 
a simple prescription was proposed to compute real-time correlators from gravity. This 
prescription has been instrumental to the study of strongly interacting system at finite 
temperature during the past few years. It has also been justified from different points of 
view in ||, ||, |7], ||, ||, 10]. In particular, it was observed that the prescription proposed 



in Q could be recast in terms of the boundary values of the canonical conjugate momen- 
tum of the bulk fields by treating the AdS radial direction as "time" direction Q. And 
furthermore, this reformulation was shown to be able to follow directly from the analytic 



continuation of Eucliean AdS/CFT correspondence! 10]. 

In this paper, we would like to apply the prescription to calculate real-time Green's 
functions in the warped AdS/CFT correspondence. The warped AdS/CFT correspon- 



dence conjectures[13] that v > 1 quantum topological massive gravity in three dimension 
is holographically dual to a two-dimensional conformal field theory with central charges 
(cl,cr) 

I Av I 5v 2 + 3 

Gr+3 G v(v z + 3) 

More precisely, suitable asymptotically spacelike stretched AdS3 boundary condition on 
the gravity configurations needs to be imposed in this case. Moreover, there is another 



conjecture] 15] stating that even at v = 1 quantum topological massive gravity with null 
warped AdS3 boundary could be dual to a two-dimensional CFT with central charges 
(|l . l| ) . These two conjectures are somehow intriguing in the sense that the warped AdS% 
spacetimes have very different conformal boundaries from the one of AdS^. Therefore, the 
naive expectation that the holographic CFT resides on the asymptotic boundary seems 
not true any more. Nevertheless, the discussion on black hole thermodynamics and the 



study of the quasi- normal modes of the warped black holes [14, 15] support the conjecture. 
Moreover, for the spacelike stretched case, the physical asymptotic boundary condition has 
been discussed in [18, p0], from which the central charges were derived from the Virasoro 



algebra and current algebra. And the stability of stretched spacelike AdS3 was investigated 
m U, H, which paves the ground of the correspondence. 



The motivation of our study on real-time correlators in warped AdS/CFT correspon- 
dence is two-fold. On one hand, the prescription to get real-time correlators has been 
focused on AdS backgrounds, with the dual field theory resides at the conformal bound- 
ary. It would be very valuable to apply the prescription to more general backgrounds 
which have nontrivial conformal boundaries and check its effectiveness, especially consid- 
ering the recent trend in AdS/CMT. On the other hand, in the warped AdS3 black hole 
backgrounds, since the wave functions of the perturbations could be calculated exactly, 
the retarded Green's functions could be obtained analytically. As the Green's functions in 
two-dimensional CFT is well determined by the conformal invariance, this gives another 
nontrivial check of the warped AdS/CFT correspondence. We will show that real-time cor- 
relators from gravity are well consistent with the CFT predictions. And from the retarded 
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correlators, we can read the quasi-normal modes and also the cross section of the fields 
scattering the black hole, both of which are in good agreement with the CFT prediction. 

The remaining parts of this paper are organized as follows. In section 2, we give a brief 
introduction to the prescription for computing real-time Green's functions from the gravity 
side in AdS/CFT correspondence. In section 3, we outline the various kinds of Green's 
functions in two-dimensional conformal field theory. In section 4, we discuss the retarded 
Green's functions for the scalar and vector perturbations in the spacelike stretched AdS3 
black holes. In section 5, we turn to the null warped case. In section 6, we investigate the 
extremal spacelike stretched warped black hole, which has different eigenfunctions from 
the non-extremal ones. We end with some discussions in section 7. 



2. Retarded Green's functions from gravity: prescription 

In this section, we give a brief review of the prescription for computing two-point Green's 
functions from gravity. The detailed discussion could be found in J|, 0, |j"of . 
In Eulidean space, the core relation of AdS/CFT correspondence isQ 

where O is a boundary CFT operator coupled to the bulk field <p. S siav , [cfto] is the bulk action 
for (ft evaluated at the classical solution <pE which is regular in the interior and asymptotical 
to c/>o at the boundary. The two-point Green's function < O(x)O(0) > could be obtained 
from taking the second functional derivative of S sia _ v , with respect to 0o- However there 
is an equivalent way to compute the Green's function. From the above relation one 
can get the one-point function of O in the presence of the source 4>q as 

(O(x)U = = - lim n B (r,z)\* a . (2.2) 

Here is the canonical momentum conjugate to 4> with respect to a foliation in the re- 
direction. Namely, is the canonical momentum, taking r as "time". Note also that 
should be evaluated at the classical solution (pE- Transforming to momentum space, we 
have 

(O(u) E ,k))<b = - lim U E (r,uJE,k)\4, E - (2.3) 

r — >oo 

Since 0{uje, k) is the response of the system to external perturbations generated by adding 
the term J dM 4> (x)O(x) to the boundary theory, we have 

(0(u Et k))^ = G e (loe, k)M"E, k). (2.4) 
This allows us to read the Green's function in Euclidean signature: 

Ge{uJe, k) = -( hm — — =j— )|^ 0=0 . (2.5) 

™ <P E {r,u E ,k) 

This prescription has no ambiguity since in Euclidean space, 4>e is uniquely determined by 
regularity and the boundary condition. 
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In Minkowski spacetime, one can define the Green's function by doing analytic con- 
tinuation directly in the zero-temperature the Euclidean and Minkowski Green's 
functions are closely related to each other. However, for the finite temperature case, the 
things become much subtler. In Minkowski space, the retarded propagator is analytic in 
the upper half complex-w plane and is related to the Euclidean propagator by the relation 

G e (uj e , k) = -G R {iuj E , k), u E > 0. (2.6) 

This means that the value of the retarded propagator along the upper imaginary w-axis 
gives the Euclidean propagator. The relation (|2.6| ) applies for generic cases, not only 
for zero temperature but also for finite temperature, and for both bosonic and fermionc 
propagators. For the finite temperature case, to E take discrete values, and 

G E {2iTTn, k) = -G R (i2TrTn, k). (2.7) 

On the other hand, for uje < 0, the Euclidean propagator is related to the advanced 
propagator: 

G E (u E , k) = -G A (iu E , k), uj E < 0. (2.8) 
It seems that one can obtain real-time retarded Green's function from the inverse 



relation of (2.6): 

G R {U), k) = -G E (uJ E , k)\w B =-i(u+ie)- ( 2 -9) 

For the finite temperature case, this analytic continuation is quite tricky since uje takes 
only discrete values. One may ignore this subtlety and just do analytic continuation and 



wish the best. This turns out to be the right way. From (2.5) and (2J)), one may have the 
retarded correlators from gravity. 



However, it was proposed in [1C] that there is an intrinsic way to obtain the retarded 
correlators. Instead of working in Euclidean space, one can work with the classical solution 
in Lorentz-signature spacetime. More precisely, one has the prescription: 

G^Vlim n(r '"'%* , (2.10) 

where n is the canonical momentum conjugate to (j), taking r as the "time" direction. Now 
4>r is the classical solution, which should be purely in-falling at the black hole horizon and 
turns to <j>o(k) asymptotically. For the advanced correlators, one has to instead choose 
out-going boundary condition at the horizon. 

There is another subtlety in applying the above prescription ( [2.10 ) to get a finite 



retarded correlators. In fact, the naive application of (|2.10| ) leads to a divergent result. 
In order to cancel the divergence, an extra factor, being powers of r, has to be taken into 
account. The exact value of the power depends on what kind of source we consider. For 
example, if the asymptotic behavior of the scalar is 

(f> ~ Ar hR - 1 + Br~ hR , (2.11) 
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where h R is the conformal weight, and both terms are renormalizable if h R < 1 such than 
both A and B can be the source, then the extra factor could be r 2 ^ fl_1 ^ or r~ 2flR , up to 
which term is taken to be the source. 

For the scalar perturbation, the conjugate momentum of cp is 

= -V=gg rr d r 4. (2.12) 

For the Maxwell field A„, its conjugate momentum is 

IF 1 = -^F r ». (2.13) 
For the tensor perturbation, its conjugate momentum is the Brown- York stress tensor: 



n " = Tan~( K>XI/ ~ -f" K \)> ( 2 - 14 ) 
IovtGtv 

where and K^ u are the induced metric and extrinsic curvature on constant r-slice. For 
the spinor perturbation, the prescription is quite similar but the expression of the conjugate 
momentum depends on the choice of Gamma matrices. 

For the scalar and vector case, the above prescription ( 2.10|) has turned out to be 



equivalent to the ones proposed in Q. And they have been applied to the study the 
transport properties of finite temperature N = 4 super- Yang-Mills. 

3. Green's functions in 2D CFT 

In general, it is hard to compare the retarded correlators obtained from gravity with the 
ones in CFT. However, in our case this is feasible. This is because on one hand the com- 
putations in gravity could be done analytically as we will show, and more importantly 
on the other hand the dual two-dimensional CFT is much more restricted by the symme- 
tries. In a two-dimensional CFT, there are two independent sectors: left-moving one and 
right-moving one. This requires us to analyze them separately. The relation between the 
retarded Green's function and the Euclidean Matsubara propagator is modified to be 

G R (iuL,iu R ) = G e (ujl,e,^r,e), (3.1) 

at 

wl,e = 2im L T L , tn R) E = 2irn R T R (3.2) 

with riL,n R being integers. 

In a 2D conformal field theory (CFT), one can define a two-point function as 

G(t + ,t-) = (O\(t+,t-)O (l> (0)}, (3.3) 

where t + ,t~ are the left and right moving coordinates of 2d worldsheet, and is the oper- 
ator corresponding to the field perturbing the black hole. For our later use, let us consider 
an operator of conformal dimensions (hL,h R ), right charge q R , at temperature (Tl,T r ) 
and chemical potential Q R . Its two-point function is decided by conformal invariancefplj: 



G(t + ,r) ~ (-l) hL+hR (—^^—) 2hL (—^ — yh R igR a R t- / 3 4 n 

v ' ; v ; v sinh(7rT L t+) ; y smh(irT R t-) ' v ; 
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For the left mover, it contributes 

Ge(col,e) ~ / e l ^ ETL . - ( T L ; dr L , (3.5) 
Jo \sm(irT L T L )J 

where tl is Euclidean time. In fact, the above function is only defined at the discrete 
frequency in (|3.2|). Through analytic continuation, we have 

T a t -2 e ,^. E /2T tr(1 _ 2 , it) 

Ge( ^ e) ~ rd-V + Sfird-fe-Sf)' (3 ' 6) 

For the right mover, it has similar contribution, taken into account the extra dependence 
on the chemical potential: 

G E (u RE ) 1 R) . „ . (3.7) 

The total contribution is the product of the left-mover's ( |3,6| ) and the right-mover's (|3.7|): 

rp2h L -2rp2h R -2 e iw L ^ E /2T L +(iu R , E +q R n R )/2T R Y(l _ 2hi)T{\ — 2/ir) 



r(i - + at )r(i - fc £ - )r(i - + ^^"" )r(i - h R - 

(3.8) 

The CFT absorption cross section could be defined with the two-point functions, fol- 
lowing Fermi's golden rule: 



&abs 



J dt + dt- e - iujRt - iuJLt+ [G(t + - ie, t~ - ie) - G(t + + ie, t~ + ie)] (3.9) 



Then after being changed into momentum space, the absorption cross section is 

*~T L T R « smh(— + 2Tr )\T(h L + ,— )| \F(h R + , 27tTr )| . 

(3.10) 

4. Spacelike warped case 

The spacelike stretched AdS^ spacetime is the vacuum solution of three-dimensional topo- 



logical massive gravity^, 17]. It could be described by the metric of the form 



/2 f\r^ 4??^ 

ds 2 = -2-^h(l + r 2 )dr 2 + —— 2 + -^—(dx + rdr) 2 }, (4.1) 
v z + 3 1 + r A v z + 3 

where — Z -2 is a negative cosmological constant and the parameter v is defined to be 
v = fil/3 with (i being the mass of the graviton. It turns out that only when v > 1, the 



spacetime is free of pathology [13] and could be a stable vacuum with appropriate boundary 
conditions [19]. This spacetime has SL(2) R xU(1)l isometry group. Just as the BTZ black 
hole[[l^] could be constructed as discrete quotient of the AdS% spacetime, the black hole 
asymptotic to spacelike warped AdS$ could be constructed from discrete identification as 
well, c.f. lOl. 
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The metric of the spacelike stretched warped AdS% black hole takes the following form 
in terms of the Schwarzschild coordinates: 



ds 2 = l 2 (dt 2 + 2M(r)dtd6 + N(r)d6 2 + D(r)dr 2 ) (4.2) 



where 



M(r) = vr- -\/r + r-(v 2 + 3), (4.3) 
N{r) = T - (3(v 2 - l)r + {v 2 + 3)(r+ + r_) - 4v V / r + r_ (v 2 + 3)) , (4.4) 

D(r) = T7 — - — -7 r, (4.5) 

V 1 (v 2 + 3)(r-r+)(r-r_)' v ' 

Just like the BTZ black hole, there are two horizons located at r = r + and r = r_. We 
will focus on the physical black holes without any pathology, which requires v > 1. When 
u = 1, there is no stretching and the above black hole becomes the usual BTZ black hole, 
in a rotational frame. 

From discrete identification which leads to the black hole, one can define two temper- 
atures 



r L= (4M r+ + r ,_ vg±B , ( 4. 6 ) 




T " = * — < 47) 

which are identified to be the temperatures of left-moving and right moving sectors in the 
dual two-dimensional CFT[13|. In terms of them, the temperature of the black holes were 
rewritten as 

1 AttvI T L + T R 
T H v z + 3 T R 

The entropy of the black hole could be recovered from dual CFT by applying Cardy formula 
as well. This help us to determine the central charges of dual CFT 

I 4v I 5v 2 + 3 fA n . 

Gr + 3 G v(y z + 3) 



It has been shown in [18, 20 1 that the above central charges could be obtained from cen- 
tral extended Virasoro algebra, based on the fact that the asymptotic symmetries of the 
geometries form a semi-product of a Virasoro algebra and a current algebra. 

The spacelike warped AdS/CFT correspondence states that v > 1 quantum topological 
massive gravity with asymptotical spacelike stretched AdS3 geometry is holographically 
dual to a two-dimensional conformal field theory with central charges (cl, cr). 

4.1 Scalar correlators 

The scalar perturbation about the warped black hole background obeys the equation of 
motion: 

(V M V^ - m 2 )$ = 0. (4.10) 
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Since the background (|4.2|) has the translational isometry along t and 6, we may make the 
following ansatz 



<3? = e 



-iuit+ikd 



With the variable 



r — Ta 



r — r_ 

the equation of motion on turns out to be 

d 2 (\> . .d<t> 1 

Z(l - Z)—r + (1 - Z)— + 7-= — „ , 

v ' dz 2 v ' dz {v 2 + 3) 2 \z 



A C 
+ B + 



l-z 



where 



A 
B 



(r+ — r_) 2 
1 



(2ft + L0y/¥^{2 Vy /¥^ - yV + 3 x /rT)) 2 , 



(r + — r_) 2 
C = 3(w 2 - l)c; 2 - m 2 Z 2 (w 2 + 3). 



(2/c + ^^7(2?;^ - y/v 2 + 3^+)) 5 



(4.11) 
(4.12) 

(4.13) 

(4.14) 

(4.15) 
(4.16) 



The solutions to the equation (4.13) take the form of hypergeometric function. Near the 
horizon, there are two independent solutions. Only one of them satisfies the purely ingoing 
boundary condition at the horizon, which is necessary to get the retarded Green's function. 
It is 

= z a (l -zfF(a, b, c,z), (4.17) 



where 



a 



P = P, 



. Va 

V + 3' 
1 



1±4 1 



AC 



(v 2 + 3) 2 



(4.18) 



and 



c = 2a + 1, 

a = a + (3 + iV^B/(v 2 + 3), 
b = a + p - iV^B/(v 2 + 3). 

For a scalar of mass m propagating in spacelike warped AdS3, its conformal weight 

is||, HI 



with 



3(1 -v 2 ) ~ 2 I 2 2 
-k 2 + — -m 2 . 



(4.19) 



(4.20) 



4v 2 v 2 + 3 

Here k is the quantum number with respect to the translational symmetry along x in 
the background (4.1). The presence of quantum number k in the conformal weight has 
interesting physical implications. Obviously, s s could be negative in a natural way. 
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Note that in order to have a well-behaved asymptotic behavior, we have A^ > 0. More 
precisely, if s s > 0, we can only choose 

A+ > 1. (4.21) 
On the other side, if — \ < s s < 0, we are free to choose both with 

< A; < i i < A+ < l. (4.22) 

It is remarkable that after taken into account of the subtle identification of the quantum 
numbers, [3 is directly related to the conformal weight (3± = A^. But note that f3± do not 
need to be always positive. 

Actually, there is a subtlety in choosing j3± in the above solution. If s s is positive, we 
take the conformal dimension of the scalar to be /i^ > 1, then we have to choose /3_ in 
(4.17). Correspondingly, the extra factor plugged in ( 2.10| ) should be r 2i < h R~ l \ However, 
if s s < we have to choose (3+ in the solution. In this case, there are two normalizable 
sources, which need special care as we show soon. 

Let us first consider the source of a dimension > 1. In this case, the momentum is 

U s = -^(r + -r_)(v 2 + 3)zd z (4.23) 
where cj) = z a (l — z)P~ F{a, b, c; z). Note that now /3_ < 0. From the relation 

^, , x r(c)r(c — a — b) _ , , , . 

F(a, b, c; z) = J-F(a, b, a + b - c + 1; 1 - z) 

1 (c — a)L (c — b) 

+ (i - z) c-a-6 r(c)r(a + 6-c) F _ b _ b + 11 _ zU4M) 

T(a)T{b) 

asymptotically the dominant contribution in 4> is proportional to r~@- since the other term 
proportional to r@~~ l runs to zero. On the other hand, in the momentum, there are various 
terms asymptotically proportional to 

r-P-, r?-\ r l ~P-, . (4.25) 

The terms proportional to should be picked out. Then the retarded correlator is just 

r(o + b - c + 1) r(c - o)r(c - b) 



G R 



T{c-a-b) r(a)r(6) 
M T(1 2 -2P ) |r(c " a)r(c " 6)|2 ' (426) 



where 



1 2 / I3tt 

M = — ^(cosh(^ -) - cos(27r/3_) cosh(2ia7r) + isin(27r/3_) sinh(2ia7r)). (4.27) 

27T Z V Z + 3 

In order to compare with the CFT result, we have to apply the identification of quan- 
tum numbers to simplify the above relation. The identification is essential to set up the 
dictionary of warped AdS/CFT correspondence. It was suggested in [15] that 

2v 2 
k = - 1 — -u, Co = -^—^k, (4.28) 
v z + 3 v z + 3 
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where k,u are the quantum numbers of global warped AdS3 spacetime. u is the quan- 



tum number with respect to the translational symmetry along r in the background (4.1). 
Because that the spacelike warped AdS/CFT correspondence is between the spacelike 
stretched warped AdS^ and its holographically dual 2D CFT, we need to use the quantum 
numbers in global warped AdS3 spacetime rather than the ones in the black holes to set 
up the dictionary. In terms of the quantum numbers k,uj, we have 

1 /v 2 + 3 ~\ 
c-a = h+- l — ^-—Q + 2nT L lkj, 

c — b = h~ft — ik, 
a = 1 — h~ft — ik, 

b = l-h+- (j-^-Z + 2*T L lk\ . (4.29) 

To compare with the CFT result, it is better to rewrite the correlator in the following 
form: 

Gr „ J\[' F(l - 2^)F(1 - 2hj) 

r(i -ht + i^mi -hi- «£)r(i -h+ + ^ T f R) )T(i - h + - ^ T f R) ) ' 

(4.30) 



with 



M ' = 4 ff sm((2^-l) ff ) 

(£k ~ " cos ( 2h+ R ~ * - ' 



Here h\ = and 



v 2 + 3 

oj l = 2irT L k, ljr = ^ u, q R = -k, tt R = 2irT L . (4.32) 



Obviously the retarded correlator ( [4.30 ) is proportional to (|3.§|), up to a normalization 



factor, taken the relation ( |3.ip into account. This fact shows that real-time scalar correlator 
in the spacelike stretched AdS3 black hole is well consistent with the prediction of CFT. 
The quasi-normal modes of the black hole correspond to the poles of the retarded 



Green's function. From (4.26), we obtain that 



uj l = -i27rT L (n L + h L ) (4.33) 

lor = q R tt R - i2irT R (n R + h R ) (4.34) 

where ul and n R are the non-negative integers. This is in precise match with the result 
found in [ |i~5f . 

Moreover, the imaginary part of real-time retarded correlators could be identified as 
the cross section. The cross section reads 

a ~ (r(i-W)) 2 |r(c ~ ° )r(c ~ 6)|2 sinh(2zmr) - (435) 
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It could be rewritten as 



(J rvj 



sinh I ( 



wl , u; R -q R tt R , 



2nT L 



+ 



2ttT r 



\T(h 



1 2nT L 



\r(h+ + i 



vr — Qr^r ■. 
2ttT r ' 



(4.36) 



The relation ( 4,36| ) is reminiscent of the absorption cross section in a CFT. It is actually 
proportional to ( 3.10| ), up to a normalization factor. The situation is very similar to the one 



in Kerr /CFT correspondence! 25 1. The normalization factor depends on the temperatures 



as 



(T L ) hL (T R ) hR . 



(4.37) 



Such a factor may arise from the nontrivial coordinate transformation, which redefine the 



temperature, as in BTZ case] 10 1. 

There is another interesting issue on the cross section of a scalar scattering the black 
hole. It has been argued that for a massless scalar, the low energy limit of the cross section 



is proportional to the horizon area 1 27]. For the spacelike stretched black hole, this has been 



studied in [28, 29 1. In our study, since we cannot fix the normalization factor exactly, we 
can not check this statement precisely. However, we can check if the low energy limit of 
the cross section has the right dependence on frequency. It is straightforward to investigate 
the oj — > limit, with m = k = 0, which reads a ~ u. This linear dependence on u is in 
consistent with the universal statement. 

It is more tricky if s s < so the scalar field can pick both the conformal weig ht h%. In 
this case, note that one has to choose /3+ in the scalar solution. The asymptotic behavior 
of the scalar field is like 

<j> ~ Ar~ p+ + Br- 1+ ' 3 + . (4.38) 

Since < f3+ < 1, both terms are normalizable. We are free to choose either one as the 
source: A is the source of a dimension 1 — (3+ = h R , while B is the source of a dimension 
/?+ = hft. In other words, if we want to study the correlator of the operators of dimension 
Zip, then we should find the term proportional to in the canonical momentum n s . 



Consequently, the retarded correlator take the same form as ( 4.26[ ), with j3- being replaced 
by As a result of the replacement, the conformal dimension appeared in the retarded 
correlator ( 4,3C| ) and the cross section ( 4.36| ) should be rather than h^. 

On the other hand, in order to study the correlator of the operator of dimension h~^, we 
have to find the term proportional to r 1_ ^+ in the canonical momentum Il s . Consequently, 
the retarded Green's function is now 



G R 



r(q)r(fe) r(c-a-6) 
T(c-a)r(c-b)T(a + b-c) 

r(i-2/3_) 



Mr 



T(2/?_ 



|r(a)r( 



(4.39) 



where 



■Mx) = 7T^( COSn ( ■■> 



2 V /Z #7i\ 



cos(27r/?_) cosh(2i«7r) + zsin(27r/3_) sinh(2ia7r)). (4.40) 
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Taking into account of the identifications of quantum numbers ( 4.28 ), we find that 



a 
b 



l-h 
l-h 



2-kTrI 
ik, 

r ~ ik, 



1 v 2 + 3 



Cj + 2irT L lk), 



1 



R 



v 2 + 3, 



a) + 2vrT L /fc). 



(4.41) 



2vrT R / v 2 

Note that it is different from ( |4.29| ) . The difference stems from the choice of (5± in the scalar 



solutions. Nevertheless, the retarded correlator takes exactly the same form as ( 4.30 ), even 
though the scalar solution now is different. In this case, the poles of the real-time correlator 
is simply 

a = -til, or b = -n R , (4.42) 



with nL,nR being non-negative integer. This is the same as the ones found in |[15| . 
Similarly the cross section is 



a 



Im{G 



1 



R 



r(2/3 + )r(2/? 4 



|r(a)r(6)| 2 sinh(2ia7r). 



(4.43) 



It could be written as ( [4.36 ). And the comparison with the prediction of CFT is along the 
similar line. The low energy cross section for massless scalar could be obtained by taking 
m — > 0, lo — > limit and is found to be proportional to u as well. 

In short, no matter what kind of scalar source we choose, we end up with the same 
real-time retarded correlator ( 4.30 ) and the cross section ( 4.36| ). These results are in good 
match with the prediction ( |3.8| , |3.10 ), up to a normalization factor. 

Before ending this section, we would like to discuss another interesting case when the 
black hole has super-radiance. This happens when 



S 



1 3(1 
— I — — 

4 4v 2 



k + 



I' 



v 2 + 3 



m z < 0. 



(4.44) 



This is possible now due to the presence of the quantum number k in the conformal weight. 
Therefore even though the mass-square of the scalar field satisfies the Breitenlohner- 
Freedman bound for three-dimensional AdS spacetime, the perturbation could still be 
unstable. As a result, superradiance may happen in the spacelike stretched AdS3 black 

Superradiance happens in the 



holes [22], just like the superradiance in Kerr black hole(2f 
null warped AdS3 spacetime as well. 

In this case, the conformal weight is just 



1 

2 



-S 



(4.45) 



No matter which conformal weight and the corresponding eigenfunction we choose, the 
asymptotic behavior of the scalar field is always of the form 



Si(l 



+ s 2 (i-zy- 



(4.46) 
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The first term could be taken as the ingoing wave and the second term as the outgoing 
wave. The ratio S2/S1 measures the response of the black hole to an incoming wave, and 
is related to the retarded two-point function of dual CFT. Therefore, we have 



Gr 



Si 



T(c-a)T(c-b)T{a+b-c) ;f l _ z,+ 

r(a)r(b)r(c-a-b) > 11 nR ~ n R 
r(a)r(ft)r( c -a-6) 

V(c-a)T{c-b)T{a+b-c) ' 11 ft « ~ "H' 



(4.47) 



Note that since even with a complex conformal weight the relations (^£,^7) always make 
sense, the retarded correlator ( [4,47 ) is still consistent with (3.lJ 



4.2 Vector correlator 

The equation of motion for the massive vector field in three dimension could be cast into 
a first-order differential equation of the form 



-mAy 



(4.48) 



where e A °^ is the Levi-Civita tensor with e tr6 = 1/^J—g. The Killing symmetry of the 
background allows us to make the following ansatz: 



(4.49) 



The complete solution could be found in (Tj|: 



b t = z Q ^(l - z)^ +1 F{a v + l,b v + l,c v , z), 
2D(r) 



A v (j) t + B v 4> t + C v z^p-, 
1 — z az 



ml 



-(ik(f>t + iu4>e), 



where a v = —iy/A~^, (3 V = (— 1 + a/1 — 4CQ/2 and 



c v = 1 + 2a v , a v = a v + [3 V + iy/—B v , b v = a v + (3 V - i\J —B % 



(4.50) 



(4.51) 



with 



1 



B c 
C r 
A 
B v 
C v 



(r+-r_) 2 (t> 2 +3) 2 
1 



2k + to y /¥^{2v y /¥^ - y/v 2 + 3 y/rl) ) , 



(2k + uj y /¥Z(2v y /¥Z - \Jv 2 + 3 



(r+ — rJ) 2 {v 2 + 3) 2 

' (3(v 2 - \)uj 2 - (m 2 l 2 +2mvl){v 2 +3)) 



(v 2 + 3) 2 

r - —~ —^{-2ujk + 2m 2 /V_ - m 2 l 2 \]r+r^(y 2 +3)), 

2ur + 2m z l A 

m 2 l 2 v(r + — r_) 

ui 2 + m 2 l 2 ' 

ml(v 2 + 3)(r + — r_) 

2w 2 + 2m 2 / 2 ' 



(4.52) 
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The conjugate momentum is the conserved current J^ 1 

J 11 = - lim V^gF rtl . (4.53) 

r— >oo 

Using the equation of motion, we find that the current is simply related to the fields 

J 1 = mAo, J 6 = -mA t (4.54) 



In order to use the prescription (2.10) for the retarded Green's function, we have to 
analyze the asymptotic behavior of the vector fields. It can be read directly from the 
solutions as the following 

<k = Ai(l - z) 1+ ^ + A 2 (l - z)~^, (4.55) 
c/> e = (B v - C V ((3 V + 1))^(1 - z)*> + (B v + C V (3 V )A 2 (1 - z)~^~ l (4.56) 

where 

T(c v )F(c v - a v - b v - 2) F(c v )T(a v + b v + 2 - c v ) 

Aa = — ; : ; rAn, Ao = ; ; ; ; An, (4.57) 

r(c - a v - l)r(c - b v - 1) °' T{a v + l)T(b v + 1) V ; 

with An being a constant. If the dominant term in (fit is the source, then the retarded 
Green's function describing the response is given by 

m (b v - C V {/3 V + 1)) A 1 
G tt = -± J —. (4.58) 

A 2 

If the 4>q is the source, the corresponding retarded Green's function is 

Gm = - . mAl . (4.59) 

(B V + C V (3 V )A 2 

Up to a normalization factor, we have in both cases 

A 1 T(a v + l)r(6„ + l)T(c v - a v - b v - 2) 



Gr 



A 2 T(c v - a v — l)T(c v - b v — l)T(a v + b v + 2 - c v ) 

= -^ r ( 2 ^_i) l r ^ + W&. + !)l 2 > ( 4 - 6 °) 



with 



1 



M v = — j(cosh(2y / — B v ir) — cos(27r/i^) cosh(2iat,7r) + i sin(27r/i^) sinh(2ia„7r)). (4.61) 
Here h v R is the conformal weight of a massive vector field |1 



h v R = l + J\ + s v (4.62) 



with 

3 ( 1 -' t;2 )r2 (m 2 l 2 + 2vml) 
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Taking into account of the fact 



c v -a v -l = l-h v R - + 2irT L lk), 

c v — b v — 1 = 1 — h v R — ik, 
a v + 1 = h v R — ik, 

b v + l = h R - i^±_(^^-u + 27rT L lk), (4.64) 



we find that just like the scalar case, the vector correlator is well consistent with ( |3.8|) , up 
to a normalization factor. 

However, strictly speaking there is a discrepancy from the CFT prediction. Now for 
the vector field, the conformal weights of left-mover and right-mover are different: 

hi = h v R ± 1. (4.65) 

Correspondingly the contribution from left-mover is slightly different from the right-mover 
one. However, this difference could not be seen in ( 4.60[ ), recalling the fact that both the 



real parts of (1 + a v ) and (1 + b v ) give the same h v R . Nevertheless, using T(l + z) = zT(z), 
one can absorb the extra a v factor into the normalization factor such that one has 

Gr ~ Km ^7 1 TTT2- ( 466 ) 

\T{c v - a v )T(c v - b v - l)\ z 

Then the parts involving the Gamma functions have the right dependence consistent with 
the prediction of CFT. It is remarkable that the normalization factor including the contri- 
bution of a v is independent of u> so that the retarded correlator has the correct frequency 
dependence for the Green's function of a finite temperature CFT. 
The cross section can be read directly 

° - r^r^.^ irK + Urft, + Dl 2 ^(w)). (4.67) 



It is similar to ( 4.36) ) in the scalar case, with h\ replacing h R . The discussions on the quasi- 



normal modes, the low energy limit of massless vector cross section and super-radiance are 
very similar to the scalar case. We just omit them here. 

5. Null warped case 

The null warped AdS^ spacetime is another vacuum solution of three-dimensional topo- 
logical massive gravity. It is only well defined at v = 1. Similar to other warped AdS^ 
spacetimes, it also has isometry group SL(2,R) x U(l) n ull- The null warped black holes 
could be obtained as the quotient of the null warped AdS^. The metric of the null warped 
black hole is of the form 

= -2rd6dt + (r 2 + r + a 2 )d6 2 + ^ (5.1) 
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where l/2>a>0in order to avoid the naked causal singularity. The horizon is located 
at r = 0. Prom the thermodynamics of this extremal black hole, it was argued that there 
exist only non-vanishing right-moving temperature 

Tr = vv (5 - 2) 

There is a conjecture on the null warped background fl5|| : v = 1 quantum topological 
massive gravity with asymptotical null warped AdS^ geometry is holographically dual to a 
2D boundary CFT with the left -moving central charge cj_, — g the right-moving 

central charge cr = Qv(v^+3) • From the black hole entropy, it seems that it is not necessary 
to have left-moving central charge since Tl = 0. However, the diffeomorphsim anomaly 
requiring that cl — cr = — ^ asks for the existence of the left- moving sector. 

5.1 Scalar correlator 

For a scalar field in the null warped black holes background (|5.l[) , its solution can be 
expressed by Kummer function as 

(f) ± = e -i"t+ik9 e -% z \±fh 3F ^_ ±fn s _ K ^i± 2m s , z) (5.3) 

where z = —icoa^, m s = ^Vl + m 2 l 2 — ui 2 and k = -^(u> — 2k). The wave function should 
be a composition 

<j) = A 1( j) + + A 2 4>-. (5.4) 

In order to obtain the retarded Green's function, the solutions should satisfy the purely 
ingoing boundary condition at the horizon. This requirement helps us to fix the normal- 
ization factors relatively 

~ r(l — 2rh s ) . ~ ~ r(l + 2fh s ) , . ~. 

— m s — K) T{^ + m s -K) 

where Aq is a constant, and —i = e~~ . 

The conformal weight of the scalar field of mass m in the null warped AdS3 spacetime 

is 

h± = i(l± v / TT^) (5.6) 

with 

s n = m 2 l 2 -Ak 2 , (5.7) 

where k is the U(l) quantum number of the global null warped background. As usual, 
the conformal weight should be positive for stable perturbation. Similar to the spacelike 
warped case, if s n > 0, there is only one possible conformal weight h + > 1, while if 
— 1 < s n < there are two possible choices with < h~ < i, | < h + < 1. 
The asymptotic behavior of the solution is 

~ A x z h + A-2Z l - h (5.8) 
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where s n > and h > 1. The conjugate momentum is 

Rnull oc d z (/> (5.9) 

In this case, the source term is A2 and correspondingly in the conjugate momentum the 
relevant terms should be proportional to z 11 ^ 1 . Then the retarded Green's function is 

Ii T(l-2m s )T{\ + rh s -K) 
~ ~A-2 "r(l + 2m s )r(i-m s - K )' (5 - 10) 

If s n < 0, just as usual AdS/CFT case, there could be two kinds of renormalizable 
sources. We are free to choose one of them, then we have 



Gr ~ < 



4 i , taking Ao as the source 

f _ (5.11) 

4^, taking as the source. 



In the following discussion, we will focus on the case with conformal weight h = \ + rh s > 1 
without losing generality. 

As the spacelike case, we need to take into account of the identification of quantum 
numbers, which was discussed in [|l5| 

k = -u), (5.12) 
u = 2k. (5.13) 



Then we have 



1 i 

- + rh s - K = h-^- l (k + u>), (5.14) 

1 i 

fh s — k = 1 — h 7^—;(k + Co). (5.15) 

2 27rT R r 1 v ' 



Now it is easy to see that the correlator is in good match with ( |3.7| ), once the frequency, 
the charge and the chemical potential in the right-moving sector are identified to be 

= j, qn = -k, £Ir = j. (5.16) 

Note that in the null warped case, the absence of the left temperature make the theory to 
be "chiral", so it matches with the right-moving sector of dual CFT. 

The quasi-normal modes correspond to the poles of the retarded correlator, which is 

just 

1 

- + rh s — k = — n. (5-17) 
Taking into account of ( [5,12| ), we have 

&r = -kn - i2irT R l(n + h R ). (5.18) 

This is exactly we have found in fi~5]| . 



-17- 



The cross section is now 

a ~ 7mG« ~ — — . 2 smh — — vr T(h + v / 2 . 5.19 

(T(2h R )Y sm(h R ir) y 2T R l I 2tvTrI 

It looks quite similar to the prediction ( |3. 10 ) of dual 2D CFT, up to a prefactor being the 
power of the temperature. In the low energy limit for the massless scalar field, we have 
ImG R ~ —lua. So the cross section a is proportional to loAh, where Ah = 2nla is the 
area of the horizon. 

5.2 Vector correlation 

After making the ansatz = e~ tujtJr (fi^r) , we also have two independent solutions of 
Eq.flPjp as 

(f> t± = e ~^z^ ±ihv F(- ±m v -K,l± 2m v , z) (5.20) 
and (fig, <fi r can be read from 

2mlr 2 A<fif , uk ml. 



U(p t UJK, (ILL 



u 2 dr 2mlr 2 ' 2r 

_1 (ikcfit + iuxfie), (5.21) 



2mlr 2 



where z = —iuja^, m v = ±W (ml — l) 2 — uj 2 and k = xr(k> — 2k). 

Similarly we have to make a combination of the two solutions to satisfy the boundary 
condition that there are only purely ingoing modes at the horizon. We get 

<t>„ = + C 2 ^_ (5.22) 

where 

T(l-2m v ) T(l + 2m v ) 

<-l = -=Ti rC, C 2 = — 3 _ -C (5.23) 

1 (f — m f — K ) ^ V2 "I" mv ~ K > 

with C being a constant. The asymptotic solution for the vector field in the null black hole 
background is 

fa = C x z\^ + C 2 z?- iho , (5.24) 

7 111 1 rv i - unify i 

<fi e = ^^(-l-2m v +ml)C 1 z-2 +m * + ^^(-l + 2m v + ml)C 2 z-2- m v. (5.25) 
w u> 

If we choose ^ as the source, then we have the retarded Green function 

xm^loi 

Gtt = — ^-(-1 " + miJCi. (5.26) 
Similarly taking the (fig as the source, we have 

Gee = T( : -gg- nr • (5-27) 
oi(— 1 + 2m v + 7711)62 
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In any case, the retarded Green's function is proportional to C1/C2. Similarly, from 

I _ ^ - K = 1 - h v R - ^^fk + u) (5.28) 

with h v R being the conformal weight of massive vector fields in the null warped AdS3 

1 1 



hl = - + -VM-l) 2 -4fc2, (5 . 29) 

we see that the retarded Green's function is consistent with (|3.7|). The quasi-normal modes 
could be read directly from the poles: 

1 

- + m v — k = — n, (5.30) 

which gives 

u v R = -k n -i2irT R l{n + h v R ). (5.31) 

Similarly, one can read out the cross section from the retarded Green's function, which is 
consistent with the prediction of dual CFT. 

6. Extremal stretched space-like warped black hole 

In this section, we consider the retarded Green's function for the extremal stretched space- 



like warped black hole. The metric of the black hole is still of the form (4.2), but with 
r + = r_ = tq. In this case, the right moving temperature is just zero. However, the 
eigenfunctions of the perturbations can not be obtained simply from the non-extremal 



ones by taking the limit r + = r_ since the variable z defined in ( 4.12| ) becomes a constant 



and A,B given in ( 4.14| )( [4TT5l ) are divergent. One has to solve the equations of motion 



anew. In fact, we will see soon that the eigenfunctions are given by Kummer functions 
rather than hyper geometric functions. It is very much like the null black holes which are 
also extremal black holes. 

Certainly, the warped AdS/CFT correspondence still make sense in the extremal limit. 
The only thing one has to take care is that there is only non-vanishing left-moving tem- 
perature, but there are still central charges in both left-moving and right-moving sectors. 
This is not a surprise since the asymptotical geometry, the global warped AdS3 is intact 
and the black hole changes only the local geometry. 

6.1 Scalar correlator 

Let us start from the scalar field case. Making the ansatz = e ~ lujt + lkS § anc [ introducing 

2i(2uivro — ui\/v 2 + 3ro + 2k) 



the variable z = y^p^ with 



(v 2 + 3) 

we find the equation of motion 



(6.1) 



-jZ + 4 o + ~ ~ 7 = 0, 6.2 

dz 2 z 1 z 4 
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where rh s = \J\ + an< ^ ^ = ^ nas * wo independent solutions 

cj) ± = e -f Z 5 ±As F(i ± m s - k, 1 ± 2m s , 2) (6.3) 

Obviously the situation is quite similar to the scalar field in the null black hole background. 
The retarded Green's function can be found in the similar way. First, we should combine 
the two solution into a solution with purely ingoing mode at the black hole horizon. We 
find 

<j> = A l cp + + A 2 <t>- (6.4) 

where 

A- jy-^-u M= f+^°\ A, (6.5, 

I(f— m s — k) L{2+m s -K) 
with A being a constant. The conjugate momentum is 

n = ^l{v 2 + 3)ad z <j) (6.6) 

Taking into the identification ( f4.28| ), we see that the conformal weights of the scalar 
field of mass m are 

h% = -±m s . (6.7) 

Certainly, it is exactly the same as the ones in the non-extremal case. If we choose s s > 
and h~ft > 1, then we get real-time retarded correlator 

G R cc 4 1 - ( 6 - 8 ) 
A 2 

If we have s s < 0, then we can choose either A\ or A 2 as source, and we find that 

4 1 , taking Ao as the source 
G R oc { f . (6.9) 

■j^, taking A\ as the source. 



In either case, the Green's function is consistent with the prediction (3.6). 
Let us focus on the case with the conformal weight h + > 1, then 

A re-a.) r^-,k) 

A, T(2h) r(l - h+ - it) 



Note that since k = 2 ^t l > ^ ne correlator is actually well consistent with ( |3.6| ). 

It is interesting to read out the quasi-normal modes. In either case, they are charac- 
terized by the relation 

k = -i{n + h L ), (6.11) 

with n being a non-negative integer and hi = h,R. This relation is exactly the same as the 
one (433) in the left-moving sector of the non-extremal spacelike stretched black hole. As 
we expected, there is no quasi-normal modes in the right-moving sector. 
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The cross section is 

a = ImG R i — cos(/ivr) sinh(£;7r). (6.12) 

It is proportional to < ^§ IL in the low energy limit for the s wave, where Ah = irl(2v — 
\Jv 2 + 3) is the area of the horizon. 

6.2 Vector correlator 

Now let us move to the correlators of the vector fields. Taken the ansatz 

Aft = e-^ t+ike ^, (6-13) 
then the equations of motion can be given explicitly 

*p = 2D(r) (rf + mlM{r))<t> t - + ml)<t> e ) , (6.14) 
dr \ ml ml J 

^P = 2D(r) + mlN(r))& - f^- + mlM{r))<j>^\ , (6.15) 
dr \ ml ml J 

2D(r) 

4> r = —(ik4>t + ioJ<t>e). (6.16) 

ml 

The two independent solutions of cf> t are 

(j)t± = e-%z^ ±ih "F(~ ±rhv-k,l± 2m v , z), (6.17) 



where m v = \J \ + m2 P^™ lv — 3 ^~^ and k, z are the same as the ones in the scalar 
field case. Now we should also combine these two solutions into a solution with purely 
ingoing boundary condition at the black hole horizon 

<f> = + (7 2 0_ (6.18) 

where 

^ = r(l-2m„) ^ ^ = r(l + 2m,) ^ 
T(\ — m v — k) ' T(\ + m v — k) 

with Co being a constant. 

4> r can be obtained directly from the equations ( 6. 14] ) ( |6?L6 ). If u> 2 + m 2 l 2 ^ 0, 



where 



m 



A<f> t + ^<f> t + Cd z &, (6.20) 



2 l 2 (2v - yV + 3)r - 2wfc 



^" 2 W 2 + 2m 2 / 2 ' (6 ' 21) 

- m 2 / 2 ?;a . m/(^ 2 +3)a 

2w 2 + 2m 2 / 2 ' 2w 2 + 2m 2 / 2 ' 1 j 
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The asymptotic behavior of the fields are 

cf> t = C x z^™" + C 2 z^-^, (6.23) 
cf> e = {B + C( l - + m v ))C lZ -i + ^ + (B + C(^-m v ))C 2 z- 1 2-^. (6.24) 

So if the dominant term in is the source, then the retarded Green's function describing 
the response is given by 

m (B -C{\ + m v )) Ci 
G a = — * , ^ (6.25) 

If the 00 is the source, the corresponding retarded Green's function is 

G„ = ^ *- (6.26) 

(B + C(i - m v ))C 2 

Up to a normalization factor, we have in both cases 

n ^1 ,,r(l-2m„) 1 A 2 

Gr ~ 77" = W1 , r J r U +m v -K)\ , 6.27) 
C 2 7rr(l + 2m v ) 2 

with ^ 

My = cosh(iiTK) sin7r(- + rh v ) — is\nh.(mk) cos7r(- + rh v ). (6.28) 

The conformal weight of the massive vector field is just h v = ^+ifi v , where the identification 
( 5.12 ) has to be taken into account in rh v . It is easy to see that the correlator is consistent 
with the CFT prediction (|3.6| ). 

The quasi-normal modes could be read easily and are characterized by exactly the 
same relation ( |6.11| ). 

The cross section is just 

a ~ ^ ' v y \T(h v - ik)\ 2 cos(/ i %) sinh(i7rA:), (6.29) 

which is very similar to the one of the scalar field. 

In short, for the extremal spacelike warped AdS3 black hole, the retarded Green's 
function is well consistent with (3.6). Since the right-moving temperature is zero, it behaves 
as a "chiral" theory, similar to the null warped black hole. 



7. Conclusions and discussions 

In this paper, we computed real-time correlators of the scalar and vector operators from 
the warped AdS/CFT correspondence. We discussed both the spacelike stretched and the 
null warped case. In these cases, we can solve the equations of motion and obtain the 
correlators analytically such that we can compare in a precise way the results got from 
gravity calculation with the CFT prediction which are much restricted by 2D conformal 
invariance. We found that the retarded correlators were in good match with the prediction 
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of dual CFT, up to a renormalization factor. This strongly supports the warped AdS/CFT 
correspondence. 

From the retarded correlators, we read out the scalar and vector quasi-normal modes 
in the warped black hole background. They correspond to the poles of the retarded Green's 
correlators in the momentum space. The results are the same as the ones found in [15]. 
Moreover, we obtained the cross section of the scalar and vector field scattering the black 
holes from the imaginary part of the retarded real-time correlators. Once again, the cross 
sections are well consistent with the prediction of dual CFT. 

In our study, we noticed that the extremal spacelike warped black hole behaves quite 
similarly to the null warped black hole. In both cases, there exist only one temperature in 
dual CFT, which seems suggest that the dual CFT is "crural". However, this differs from 
the chiral gravity [p4| in which case there does exist only one sector. We know that from the 
warped AdS/CFT correspondence on the spacelike case, the dual CFT actually has two 
independent sectors. The absence of one sector in our study comes from the extremality 
of the black hole. This indicates that in the null warped case, there may exist two sectors 
with nonvanishing central charges, in support of the diffeomorphism anomaly argument. 

For the global warped AdS3 backgrounds, the presence of the angular momentum 
quantum number k has very interesting physical implications. Firstly it appears in the 
conformal weight of various kinds of the operators. It may make the conformal weight 
not real, in which case there exist superradiance in the black hole backgrounds. It is re- 
markable that even in this case, the warped AdS/CFT correspondence still make sense. 
This is very similar to the situation in Kerr /CFT correspondence ||25|, |26| . Another inter- 
esting implication of the angular momentum is that it induce a charge with respect to a 
chemical potential in the right-moving sector of dual CFT. This is important to set up the 
correspondence. 

It would be interesting to compare our study on the warped AdS black hole with 
Kerr/CFT correspondence[23, 25, p6|| . In the latter case, one cannot read the real-time 
correlators directly. Instead one can compute the cross section of the scattering and com- 
pare with the CFT prediction. This is feasible since the asymptotical geometry of Kerr 
black hole is flat and there is no ambiguity in defining the ingoing and outcoming waves. 
In practice, one has to divide the spacetime into several regions, with one of them being 
the near horizon region, and study the perturbations in different regions and try to glue 
them together. Since the Kerr/CFT correspondence is actually the duality between the 
quantum gravity on near horizon geometry of (near-)extremal Kerr black hole (NHEK) 
with a 2D CFT, one has to figure out the contribution at the NHEK region and compare 
them to CFT. While for the warped AdS spacetime, it is hard to well define the ingoing 
and outcoming waves to get the absorption cross section, as shown in the study of [28, 29]. 
Nevertheless, one may bypass this obstacle by calculating directly the real-time correlators 
from the prescription developed in usual AdS/CFT correspondence. One can compare the 
Green's functions on both sides. Furthermore, one may read the cross section from the 
real-time correlator easily, and find the agreement with CFT prediction. Considering the 
fact that the near horizon geometry of extremal Kerr black hole is a warped AdS spacetime, 
one would not be surprised to find the similarity in the dictionaries of two correspondences. 
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From our study, we have shown that both in real-time correlators and absorption cross 
sections, the nontrivial dependence on Gamma functions are in perfect match in warped 
AdS/CFT correspondence. However, there is a discrepancy on normalization factor. From 
CFT prediction, such a normalization factor should have nontrivial temperature depen- 
dence, which is closely related to the conformal weights of the operators. Our calculation 
failed to recover such factors. It would be interesting to investigate this issue further. 

On the other hand, our investigation also suggests that the prescription to get real- 
time correlator is still effective even for the warped AdS spacetime which has a nontrivial 
conformal boundary, even though it was developed in the usual AdS/CFT correspondence. 
This may have profound implications in the recent study of AdS/CMT correspondence. 
In fact, the null warped backgrounds appear in the study of non-relativistic AdS/CFT of 
cold atoms [3C, [11], 32, 33, 34] and also as the gravity dual of a Lifshitz field theory with 
anisotropic scaling[35. 36. pTfl . Our result gives strong support to apply the prescription in 
these areas. 
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